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Baryon resonances with even and odd parity are col-
lectively investigated from the viewpoint of chiral symme-
try(ChS). We propose a quartet scheme where ∆’s and N∗’s
with even and odd parity form a chiral multiplet. This scheme
gives parameter-free constraints on the baryon masses in the
quartet, which are consistent with observed masses with spin
1
2
, 3
2
, 5
2
. The scheme also gives selection rules in the one-
pion decay: The absence of the parity non-changing decay
N(1720) → pi∆(1232) is a typical example which should be
confirmed experimentally to unravel the role of ChS in baryon
resonances.
12.39.Fe, 14.20.Gk
Chiral symmetry (ChS) and its dynamical breaking in
quantum chromodynamics (QCD) are the key ingredi-
ents in low energy hadron dynamics. For instance, all
hadrons can be classified in principle into some represen-
tation of the chiral group SU(Nf)L×SU(Nf)R, and the
interactions among hadrons are strongly constrained by
this symmetry.
There are two ways to realize ChS in effective low-
energy Lagrangians; non-linear and linear representa-
tions. The former has been extensively studied in
the pion and nucleon sector and is summarized as the
celebrated chiral perturbation theory [1]. The non-
linear chiral transformations of the pion and the nucleon
are uniquely determined once we fix the parameteriza-
tion of the coordinates of the coset space SU(Nf )L ×
SU(Nf)R/SU(Nf)V [2] and the transformation of the
nucleon under SU(Nf)V [3]. On the other hand, in the
linear representation, scalar mesons as chiral partners of
the Nambu-Goldstone (NG) bosons are introduced. Al-
though such heavy mesons do not allow systematic low
energy expansion at zero temperature, this representa-
tion is essential for studying critical phenomena near the
chiral phase transition where both the scalars and NG-
bosons act as soft modes [4].
Then what about the baryons in the linear represen-
tation? The Gell-Mann Le´vy sigma model [5] is a first
example where the nucleon transforms linearly both un-
der the vector and the axial-vector transformations. De-
Tar and Kunihiro [6] generalized the model so that N+
(the nucleon) and its odd-parity partner N− form a mul-
tiplet of the chiral group. (Note that, in the non-linear
representation, different baryons do not form a multiplet
by construction [3].) A unique aspect of their model is
that the finite mass of the nucleon can be introduced
in a chiral invariant way, which opens a possibility that
even and odd parity nucleons may be degenerate with a
non-vanishing mass in the chirally symmetric phase.
In DeTar-Kunihiro’s construction, N± are represented
as a superposition of N1 and N2 which are assigned
to have opposite axial charges with each other. Sub-
sequently this was called the “mirror assignment” and
distinguished from the “naive assignment” where N1 and
N2 have the same axial change [7]: The two assignments
are showed to have phenomenologically distinguishable
predictions [8].
The purpose of this Letter is to develop the idea of
the mirror assignment in baryon resonances with differ-
ent parity (P = ±) and different isospin (I = 12 , 32 ), and
to explore how ChS is realized in the excited baryons.
Achieving this purpose is tantamount to constructing a
linear sigma model in which both ∆±’s and N∗±’s are in-
corporated for a given spin sector. (Here we call N∗ (∆)
as a resonance with I = 12 (
3
2 ), and the subscripts ± de-
note their parity.) Thus we shall arrive at proposing a
quartet scheme in which N∗+, N
∗
−,∆+ and ∆− form a chi-
ral multiplet. It will be shown that this quartet scheme
is consistent with the observed baryon spectra without
fine-tuning of the model parameters. We will also show
some evidence of this scheme in the decay pattern of the
resonances. Throughout the present Letter, we focus on
Nf = 2, and neglect the explicit breaking of ChS due to
quark masses.
To make the argument explicit, let us start with
∆(1232) (JP = 32
+
) and its chiral partners. First of
all, we need to choose the representation of ∆ under
SU(2)L × SU(2)R. The quark fields q = ql + qr belong
to (12 , 0) ⊕ (0, 12 ), where the first and second numbers
in the parentheses refer to SU(2)L and SU(2)R repre-
sentations, respectively. Therefore, (32 , 0) ⊕ (0, 32 ) and
(1, 12 )⊕ (12 , 1) are the two candidates for ∆; both of them
contain isospin I = 32 and are constructed from three
quarks [(12 , 0)⊕(0, 12 )]3 [9]. Here, we choose (1, 12 )⊕(12 , 1)
for ∆, because ∆ is known to be a strong resonance in N -
π system, and N ×π = [(12 , 0)⊕ (0, 12 )]× [(12 , 12 )] does not
contain (32 , 0)⊕ (0, 32 ). In the quark basis, this represen-
tation may be schematically written as (1, 12 ) ⊕ (12 , 1) =
(q
L
q
L
)I=1qR ⊕ qL(qRqR)I=1 where Lorentz and color in-
dices are suppressed [10]. Note that (1, 12 ) ⊕ (12 , 1) con-
tains both I = 32 and I =
1
2 baryons, thus we utilize
the latter to incorporate N∗. From now on, we do not
consider the quark structure of ∆ and N∗, and simply in-
troduce elementary Rarita-Schwinger (RS) fields for con-
1
structing an effective Lagrangian.
To accommodate the parity partners of the baryon res-
onances, let us define ψ1 and ψ2 as two independent
J = 32 RS fields with even and odd parity, respectively.
The Lorentz index µ = 0, . . . , 3 for the RS fields is sup-
pressed for brevity. We then define the chiral decomposi-
tion; ψi = ψil+ψir with γ5ψil,ir = ∓ψil,ir (i=1,2). In the
J = 32 chiral-quartet, ψ1 and ψ2 are mixed to form four
resonances; ∆+(P33), ∆−(D33), N∗+(P13) and N
∗
−(D13).
In the mirror assignment, ψ1l and ψ2r belong to (1,
1
2 ),
while ψ1r and ψ2l belong to (
1
2 , 1) , so that ψ1 and ψ2
have opposite axial charge. Thus, these fields have three
indices, (ψ1,2)
γ
αβ , with α, β and γ take 1 or 2. Here (αβ) is
the index for I = 1 triplet and γ for I = 12 doublet. Since
ψ is traceless for the triplet index (αβ), it is convenient
to introduce a component field (ψi)
A,γ (A = 1, 2, 3 for
triplet and γ = 1, 2 for doublet) as
(ψ1,2)
γ
αβ =
∑
A=1,2,3
(τA)αβ(ψ1,2)
A,γ , (1)
where τA (A = 1, 2, 3) is the 2× 2 Pauli matrix.
The transformation rules of ψi under SU(2)L×SU(2)R
are then represented by
(τA)αβ(ψ1l,2r)
A,γ → (LτAL†)αβ(Rψ1l,2r)A,γ , (2)
(τA)αβ(ψ2l,1r)
A,γ → (RτAR†)αβ(Lψ2l,1r)A,γ , (3)
where L (R) corresponds to the SU(2)L (SU(2)R) rota-
tion. The meson field M ≡ σ + i~π · ~τ belongs to (12 , 12 )
multiplet, and obeys the standard transformation rule,
M → LMR†.
Now let us construct the mass term and the Yukawa
coupling of ψi with M . Here we consider only the sim-
plest interaction which has only singleM without deriva-
tives as in the case of the Gell-Mann-Le´vy and DeTar-
Kunihiro models. It can be shown that the chiral invari-
ance under eq.’s. (2,3) together with parity and time-
reversal invariance allow only three terms:
Lint = m0 (ψ¯A2 γ5ψA1 − ψ¯A1 γ5ψA2 )
+a ψ¯A1 τ
B(σ − i~π · ~τγ5)τAψB1 (4)
+b ψ¯A2 τ
B(σ + i~π · ~τγ5)τAψB2 ,
wherem0, a and b are free parameters not constrained by
ChS. This interaction for the (1, 12 )⊕(12 , 1) chiral-quartet
is a natural generalization of that for the (12 , 0) ⊕ (0, 12 )
chiral-doublet in [6].
A short cut to obtain eq. (4) is to use LMR† to-
gether with the rotated fields in the r.h.s. of eq.(2,3)
and to look for combinations in which L and R do
not appear in the final expression. Since L and
R are independent transformation, the indices re-
lated to the left (right) rotation must be always con-
tracted with the left (right) rotation. One of the
chiral invariant mass terms, for example, comes from
the combination, Tr[(RτAR†)(RτBR†)][(ψ¯A1rL
†)(LψB2l)].
Also, one of the Yukawa terms is obtained from
[(ψ¯A1lR
†)(RτBR†)(RM †L†)(LτAL†)(LψB1r)].
As already mentioned, ψA,γi contains both I =
3
2
field ∆i,M (M =
3
2 ,
1
2 ,− 12 ,− 32 ) and I = 12 field
N∗i,m (m =
1
2 ,− 12 ) which are obtained by the follow-
ing isospin decomposition: ψA,γi =
∑
M (T
A
3/2)γM∆i,M
+
∑
m(T
A
1/2)γmN
∗
i,m, where the isospin projection ma-
trices TA3/2 and T
A
1/2 are defined through the Clebsh-
Gordan coefficients, (TA3/2)γM =
∑
r,γ′(1r
1
2γ
′| 32M)ǫAr χγγ′
and (TA1/2)γm =
∑
r,γ′(1r
1
2γ
′| 12m)ǫAr χγγ′ . ~ǫr are vectors
relating the A = (1, 2, 3) basis to r = (+1, 0,−1) basis,
and ~χγ′ relates the γ = (1, 2) basis to γ
′ = (12 ,− 12 ) ba-
sis [11]. Their explicit forms are ǫ1 = −1/
√
2(1, i, 0),
ǫ0 = (0, 0, 1), ǫ−1 = 1/
√
2(1,−i, 0), χ1/2 = (1, 0),
χ−1/2 = (0, 1).
With the invariant Lagrangian (4), we shall next show
its phenomenological consequences on the masses of ∆’s
and N∗’s. After the spontaneously symmetry breaking
SU(2)L×SU(2)R → SU(2)V due to the finite σ conden-
sate 〈σ〉 ≡ σ0 > 0, the mass term in eq.(4) becomes
Lm = −(∆¯1, ∆¯2)
( −2aσ0 γ5m0
−γ5m0 −2bσ0
)(
∆1
∆2
)
−(N¯∗1 , N¯∗2 )
(
aσ0 γ5m0
−γ5m0 bσ0
)(
N∗1
N∗2
)
. (5)
The physical bases ∆± and N∗± diagonalizing the mass
matrices are given by
(
∆+
∆−
)
=
1√
2 cosh ξ
(
eξ/2 γ5e
−ξ/2
γ5e
−ξ/2 −eξ/2
)(
∆1
∆2
)
,
together with a similar formula for N∗± with the replace-
ment ξ → η. The mixing angles ξ, η are given by
sinh ξ = −(a + b)σ0/m0 and sinh η = (a + b)σ0/(2m0).
These bases are chosen so that the masses of ∆’s and
N∗’s are all reduced to the chiral-invariant mass m0 > 0
when ChS is unbroken (σ0 = 0).
Thus we finally reach the mass formula,
m∆± =
√
(a+ b)2σ 20 +m
2
0 ∓ σ0(a− b), (6)
mN∗± =
√
(
a+ b
2
)2σ 20 +m
2
0 ±
σ0
2
(a− b). (7)
Eq.’s (6,7) shows that the spontaneous breaking of ChS
lifts the degeneracy between parity partners (∆+ vs ∆−,
and N∗+ vs N
∗
−) and the degeneracy between isospin
states (∆ vs N∗) simultaneously [12].
A remarkable consequence of our quartet scheme is the
following mass relations which hold irrespectively of the
choice of the parameters (m0, a, b):
1. The ordering in parity-doublet of N∗ is always oppo-
site to that of ∆;
2
sgn
[
m∆+ −m∆−
]
= − sgn
[
mN∗
+
−mN∗
−
]
. (8)
2. The mass difference between the two parity-doublets
is fixed;
1
2
(m∆− −m∆+) = mN∗+ −mN∗− . (9)
3. The averaged mass of the ∆ parity-doublet is equal
or heavier than that of N∗;
1
2
(m∆+ +m∆−) ≥
1
2
(mN∗
+
+mN∗−) . (10)
So far, we have considered only the case for J = 32 . How-
ever, all the arguments and the mass relations above
hold for the resonances with arbitrary spin as long as
(1, 12 )⊕ (12 , 1) chiral multiplets are concerned.
For the candidate of the quartets in the real world,
we adopt the lightest baryons in each spin-parity among
the established resonances with three or four stars in
[13]. I = J = 12 channel is, however, an exception
since N(940) is supposed to form a (12 , 0)⊕ (0, 12 ) chiral
doublet with its parity partner which is either N(1535)
or N(1650), or possibly their linear combination, in the
mirror assignment [7]. Therefore, we study two cases in
J = 12 depending on whether we take N(1535) (case 1)
or N(1650) (case 2) as a (1, 12 )⊕ (12 , 1) quartet member.
In Fig.1, the observed resonances taken from [13] in the
above criterion are shown under the label “exp” for each
spin sector.
The comparison between the mass relations in the
quartet scheme and the experimental data are shown in
the first three rows in Table I. Parameter free constraints
(8) and (9) are well satisfied by the observed masses. The
constraint (10) is well satisfied in J = 12 and J =
5
2 sec-
tors, and is marginally satisfied in J = 32 .
If we have taken so called the “naive assignment”
where ψ1l,2l belongs to (1,
1
2 ), and ψ1r,2r belong to (
1
2 , 1),
the mass formula turns out to be the same with eq.’s(6,7)
with m0 = 0. This leads to a relation, m∆± = 2mN∗∓ ,
which is in contradiction to the observed spectra in our
criterion. This is why we have not adopted the naive
assignment in this Letter.
Encouraged by the phenomenological success of the pa-
rameter free predictions of the mirror assignment, we go
one step further and determine the three parameters m0,
a and b in each spin-sector. For this purpose, we take
the four observed masses and σ0 = fpi = 93 MeV and
use the least square fit. (For J = 32 , we adopt a = −b to
satisfy the equality in eq.(10).) Resultant parameters are
summarized in the last two rows of Table I. The baryon
masses in these parameters are also shown under the la-
bel “QS” in Fig.1. They agree with the experimental
data within 10 percents.
m0 ∼ 1500 MeV for (1, 12 )⊕ (12 , 1) in Table I, which we
obtained irrespective of the spin, is considerably larger
than m0 = 270 MeV for (
1
2 , 0) ⊕ (0, 12 ) [6]. Further in-
vestigation on the origin of m0 in QCD is necessary to
understand if these values as well as their difference have
physical implications. Also, it is to be studied whether
the baryonic excitations with finite mass m0 exist in the
chiral restored phase using, e.g., the lattice simulations.
Let us return to the discussion of the J = 32 quar-
tet and investigate the decay patterns by the single
pion emission obtained from eq.(4). The interaction La-
grangian of π and ψ± with a = −b = 1.2 is
L1pi = (ψ¯A+ , ψ¯A−)
(
0 −a
a 0
)
τB(i~π · ~τ)τA
(
ψB+
ψB−
)
, (11)
where ψ+ =
1√
2
(ψ1 + γ5ψ2) and ψ− = 1√2 (γ5ψ1 − ψ2).
The mixing angles read ξ=η=0 due to a+b = 0 (see Table
1). L1pi has only the off-diagonal components in parity
space: Therefore the parity non-changing couplings such
as π∆±N∗±, π∆±∆±, and πN
∗
±N
∗
± are forbidden in the
tree level of eq.(11).
Observed one-pion decay patterns are qualitatively
consistent with the suppression of the π∆+N
∗
+ coupling.
In fact, N+(1720) → π∆+(1232), although its phase
space is large enough, is insignificant or has not been
shown to exist in the recent analysis of πN scattering am-
plitudes [14]. (The existence has been suggested in an old
analysis of πN → ππN though [15].) On the other hand,
N−(1520)→ π∆+(1232) and ∆−(1700)→ π∆+(1232) in
the S-wave channel, which are not suppressed in eq.(11),
have been seen with the partial decay rates 5 ∼ 12% and
25 ∼ 50%, respectively [13]. The suppression of π∆±∆±,
and πN∗±N
∗
± cannot be checked in the decays, but empiri-
cal studies of the πN → ππN process [16] seem to suggest
that the π∆+(1232)∆+(1232) coupling is less than half of
the quark model prediction given by gpi∆∆ = (4/5)gpiNN
[11].
For J = 12 ,
5
2 sectors, similar analysis is not possible
at present, because of large uncertainties and/or the ab-
sence of experimental data for relevant decays. More ex-
perimental data on the decays among quartet shown in
Fig.1 would be quite helpful for future theoretical studies.
We note here that the selection rule discussed above
may in principle be modified by chiral invariant terms not
considered here, such as the terms containing derivatives
as well as multi M fields. This is the situation similar
to that for gA of the nucleon in the linear sigma model,
where the simplest Yukawa coupling in the tree level gives
gA = 1 while the higher dimensional derivative coupling
as well as quantum corrections could shift it to 1.25 [17].
Therefore, detailed studies with those terms should be
also done in the future.
In summary, we have investigated baryon resonances
with both parities from the viewpoint of chiral symmetry.
We have constructed a linear sigma model in which ∆±’s
and N∗±’s with a given spin are assigned to be a repre-
sentation (1, 12 ) ⊕ (12 , 1) of the chiral SU(2)L × SU(2)R
3
group. Adopting the “mirror assignment” for the ax-
ial charge of baryons, we have arrived at quartet scheme
where N∗+, N
∗
−,∆+ and ∆− form a chiral multiplet. We
have shown that the quartet scheme gives constraints not
only on the baryon masses but also their couplings; it
turns out that the constraints are consistent with the ob-
served baryon spectra. We have shown that experimental
confirmation of the absence of parity non-changing decay
in J = 32 sector such asN+(1720)→ π∆+(1232) together
with the measurement of the decay patterns in J = 12 ,
5
2
sectors is important to test the quartet scheme and to
explore the role of ChS in excited baryons.
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TABLE I. Comparison between parameter free predictions
of the quartet scheme (QS) and the observed data. Case 1 and
case 2 in the J = 1
2
sector stand for the cases N∗
−
=N(1535)
N∗
−
=N(1650), respectively. The last two rows are the param-
eters m0, a, b determined from the experimental inputs.
QS J = 1
2
J = 3
2
J = 5
2
case 1 case 2
sgn
(
m
N∗
+
−m
N∗
−
m∆+
−m∆−
)
− − − − −
m
N∗
+
−m
N∗
−
m∆+
−m∆−
− 1
2
−0.33 −0.72 −0.43 −0.2
m
N∗
+
+m
N∗
−
m∆+
+m∆−
≤ 1 0.84 0.88 1.1 0.87
m0 (MeV) 1380 1460 1540 1590
(a, b) (5.2, 6.6) (4.4, 6.1) (1.2,−1.2) (5.8, 5.7)
∆(1930)
N(1675)
∆(1620)
∆(1700)
N(1440)
N(1520)
N(1650)
N(1535)
N(1720)
N(1680)
∆(1232)
∆(1905)
∆(1910)
Spin 32Spin
1
2
Spin 52

Case 1 Case 2
Exp.QS QS QS Exp.Exp.
1420
1565
1630
1900 1923
1624
1607
1466
1770
1320
1430
1660
1929
1907
1672
1683
FIG. 1. The quartet members with J = 1
2
, 3
2
, 5
2
. The right
(left) hand side for each spin is the observed (quartet scheme)
masses. The solid (dashed) lines denote the even (odd) parity
baryons. The reproduced masses in our scheme agree with the
experimental values within 10 %.
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